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ON THE WEAK BEHAVIOUR
OF PARTIAL SUMS OF LEGENDRE SERIES
BY
S. CHANILLO

ABSTRACT. We show that the partial sum operator associated with the Legendre
series is restricted weak type, but not weak type, on the L? spaces when p = 4.

Introduction. Let P,(x) denote the nth Legendre function. A function f(x) such
that f € L'(~1, 1) then can be expanded formally in a Legendre series, i.e.

00

f(x)~ > a,P,(x), wherea, = (n + —é—)f-llf(t)Pn(t) dr.

n=0

Sy(f)(x) denotes the Nth partial sum of the Legendre expansion of f(x). It was
proved by H. Pollard in [4] that if f € L?(-1, 1), where 4/3 <p < 4, then one gets
mean convergence in L?, ie. |[Sy(f)ll, < G| fl|,» where C, is independent of N
and f(x). He also showed that mean convergence fails if p < 4/3 or p > 4.
However J. Newman and W. Rudin in [3] showed that the inequality ||Sy(NIl, <
G, fl|, is false at p = 4 or p = 4/3. The aim of this paper is to examine the weak
behaviour at p = 4, much in the spirit of the Hilbert transform at L!(0, 27).

We now need some notations to state our main results. The Lebesgue measure of
any set E C (-1, 1) will be denoted as m(E). xg(x) will as usual denote the
characteristic function of a set E. We then have

THEOREM 1. Let Sy(xg)(x) denote the Nth partial sum of the Legendre series of

Xge(x); then
m{x: |Sy(xg)(x)] >y} < (C/y)(m(E)), x€(-11), y>0.

The constant C is independent of N and the set E.

THEOREM 2. Let f € L*(-1, 1); then there exists no constant C, independent of N
and f, such that

m{x: [Sy(N)(¥)| >y} <(C/YI)Ifle  x€ (L),

and

1 = (111t ).

In other words the partial sum operator is restricted weak type (4, 4), but not weak
type (4, 4).
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The proof of Theorem 1 uses some elements of the theory of 4, weights. In fact
the result of H. Pollard could have been deduced from the results of Hunt,
Muckenhoupt and Wheeden in [2] on the Hilbert transform.

We wish to thank Professor H. Pollard for his encouragement while working on
this problem.

Proof of Theorem 1. We shall begin with a partial sum formula for Sy(f)(x),
which is obtained by a rearrangement of the Christoffel identity and was obtained
by Pollard [4].

Sy (f)(x) = (21;;123 )( N;- l)'PNH(x)‘f_ll PN(t)x—_sz(t)f(,) dt

M M (21;,\’-:-23 )( o l)(PN+2(x) Py(x ))f' PN+;(2f(tt) dt
_ ( N; 1).PN+I(X)-f_lIPNH(1)f(t) a.

The symbol C will denote a constant different in different places but independent
of N and the set E.

We shall also need some estimates on the Legendre polynomials, which are
readily available in the book of G. Szegé [6).

(a) (1 — x)4(n + 1)/} P (x)| < C[6, Theorem 7.3.3, p. 163].

(B A = x> V4n + DV/YP(x) — P,,,(x)| < C[6,7.33.10, p. 170].

We now try to estimate the terms of equation (1).

We shall get rid of the middle term by using the weight results on the Hilbert
transform and the last term is estimated by Holder’s inequality.

We begin by estimating the middle term by using ( 8).

1 Py (O(2) at
S

'(xii)N; 1(PN+2()‘) Py(x ))f

2
< (N + D)VX(1 = ) Y H(Py (DD,

where H is the Hilbert transform.
Now by the Chebyshev inequality from (2) we get

m{x: (N + 1)1 = x?) Y H(Py . ()f(D)(x)] >}

© <L [N+ DB DO — 7 die
y4J

We now note that the function (1 — x?) is readily seen to belong to the weight class
A, (see [2]). Consequently the theorem of Hunt, Muckenhoupt and Wheeden [2]
yields that the right-hand side of (3) is majorized by

2 1
@ D | 1Py s~ 57 .
y -1
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Using the estimate (a), the integral of (4) is majorized by

c o 118
i fort s = 28,

the desired estimate.
We now estimate the last term in (1). Now

(N;- 1 [Py 4 1()] If_IIPNH(t)f(t) dtl

(%)
< C(N + 1)1/2(1 —_ x2)—l/4fN—l/2|f(t)|(l _ t2)-l/4 di.

The last expression follows by use of the estimate (a). Using Holder’s inequality on
the right-hand side of (5) we estimate (5) by C(1 — x?)~'/4|| f||,. Now

m{x: C(1 = )4l >y} < (C/¥IS16
which is the desired estimate.

So now we only have to estimate the first term in (1). It is only here that the
assumption f(x) = xgz(x) becomes important. All of what we have done so far
works for any general function f € L%-1, 1).

Using the estimate (a), the first term in (1) is majorized by

C(N + 1)1 = x4 H(xg(t)(Py(£) = Py o())(X)]-
We will show that
m{x: (N + 1)/%(1 = x*) ™| H(xg(t)(Pu(1) = Pyoo())(x)| >}

(6 < (C/y*)ym(E).
The estimate (6), then, along with the estimates for the middle and last expressions
in (1), which we have already proved, then yields Theorem 1.

Before we make any decompositions of sets and functions in the left-hand side of
(6), we will make some reductions. We will denote by U the set occurring in the
left-hand side of (6). We also decompose E = E, U E,, E, = E N[0, 1), and
E,=(-1,0)N E.

Now we note that

m(U 1 {x:1x] <3}) < m{x: GV + D)2 H()(Pu() = Pyss D)) > ).
Using the classical result of M. Riesz [7, p. 253] we get that the right-hand side of
the last inequality is majorized by

) CNED [y P ~ Pl .
y

The estimate (B) then is used to majorize (7) by C-m(E)/y*. Consequently
Theorem 1 will be proved if we show that

m{x: 3 < [xl < 1N+ 17201 = 22" H((Py(t) = Paao e (D)) >)
(®) < Cm(E)/y*
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and
m{x: < 1 < LV + DY = 2 YH((Pu(D) — Pras Dxe (D)) > )
)] < Cm(E)/y*.

We will only prove (8). The estimates for proving (9) are made in the same
manner as (8). We can now make a further reduction in proving (8). We next show
that

m{x: =1 <x <=3, (N + D21 = x) " 4H((Py (1) = Py D)xe,(0)(2)] >y )

(10) < Cm(E)/y*.
This is because if x € (-1, -3/4) and E, C [0, 1),

-1 x =1

Py(t) — Py,
|H((Py(1) = Py o))xe,(D)(x)] =l fn X&,()(Py(1) (1) dt‘

1
< Cf Ixe (O 1Pur) = Pyaa®)l .
Using the estimate ( 3) we majorize by

C(N + 1)_'/2f_ll|x£.(t)l dt < C(N + 1)"V2m(E)"/*.

Hence the left-hand side of (10) is majorized by
m{x: (1 = x®)~“(m(E)* > y}.
This is estimated by Cm(E)/y*. So it is enough to prove that
m{x: 3 <x < 1L (N + 121 = )"V H((Py(1) = Pyr2()xe (D)) >y}
(11) < Cm(E)/y*.
Let us denote by A the set appearing on the left-hand side of (11). Let
R={x0<x<1=-27""k>2};
Li={x27%"<1-x<27%k>2};
[i={x:27%2<1 - x<27%* k> 2}
Li={x1-2"%2<x<1,k>2}
Let A, = AN I,. Then A = U;>, A, and 4, N 4; = D if k #*j. We, moreover,
decompose x (?) as follows.

Let x¥() = xe,(Ox2(0), £ = xg,(Oxi (1), x(0) = xg (O, (#). Clearly one
has

xe, (1) = x¥1) + x¥U2) + xEX(0).
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Let us also set for k > 2:
AP = {x: 27Kl <1 — x <275 (N + D)VX (1 — x¥)~ /4
HOERO(Pu(1) = Pyaa0))(3)] >2/3);
AP = {x: 27K <1 = x <275 (N + D)V — x4
JHEA(Pu () = Py o)) >2/3};
AP = {x:27% T <1 - x <275 (N + 1)1 = 274
THOEXO(Pr (D) = Py o)) > /3).

We shall get rid of A{” and A first, the estimates involved are also similar. Also
we note that 4, C AP U 4P U AD. We will show that

AP U AP C {x: C(m(E))'/*4(1 — x3) /4 > p).

To do so it is enough to show that if x € I, then

(N + D21 = )T HOE(Py(1) = Pyao1))(%)]

(12)

< C(m(E)'4(1 - x)~1/*
and
(13) (N + )21 = )T H(xEAO(Pa (1) = Praa(0))(x)

< C(m(E)V41 — x?)~V4
By the location of the support of x{*

left-hand side of (12) is majorized by

)(7) and the geometry of the situation, the

1 —1/4 (1 x%?.(t)IPN(t) - PN+2(t)I dr
(N + 1)'2(1 - x3)7V f_l T

< C(N + D1 - x2)—1/4f‘ x%?.(t)IPN(Ii) —t|I’N+2(t)| dt.
_l —

Using the estimate ( 8) we get
(14) <c-x) LX) - 1) .
-1
We now use Hélder’s inequality for Lorentz spaces. This is Theorem 4.5 in Hunt

[1]. The integral of (14) is then estimated by

<C-(1- xz)-l/4”XE$’f)”(4,l)”(l - t)_3/4”(4/3,oo)
< c(l = x4 m(E))"*.
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Similarly if x € I,, by the geometry,

k) —
BP0 ~ Py D)) < [ XD = PuesOl

-1 |X—’|

< Cf_llx%".i(’) | Py(2) |—1 fN;luz(’N dt .

From the estimate ( 8) we get

(15) <V + D)7 o0 - )V
-1

Again invoking Holder’s inequality for Lorentz spaces we majorize (15) by
C(N + 1)"Y¥(m(E))"/%. Consequently we have shown that

(16) AP U AP  {x: (1 — x3)VAm(E))* >y}

Now

(17) m(4) < m( G (48> v AS?’)) +3 m(AD).
k=2 k=2

Now we note that

AP € {x: (N + DAHGEOPu(D) = Pyyo(0))(x)] > Gy - 2744},
The result of M. Riesz once again yields that

(18) m(AP) < —C; 2"N2fxg"l§(1)|PN(t) - Py(D)* df.
y

By the location of the support of x{(f) and the estimate (8) we have (18)
majorized by

C
(19) i [x(0) .
Substituting (16) and the estimate (19) for m(4{®) into (17) we get
1/4 2\—1/4 & C k)
m(A4) < m{x: C(m(E))"/*(1 — x)"/* >y} + kzz?f"%"(’) dt.

By the fact that the supports of x};"li(t) have bounded overlap (in fact a point may
belong to at most eight intervals I;), we get m(4) < Cm(E)/y*. Q.E.D.

Before proving Theorem 2 we wish to make some remarks. The first one is that
while proving Theorem 1, the only place we really needed characteristic functions
was when we used Holder’s inequality for Lorentz spaces. It is this fact along with
sharper estimates instead of («) and ( 8) which, when exploited, give us Theorem 2.
Of course one would like to show Theorem 2 by trying to mimic the elegant
functional analysis method of J. Newman and W. Rudin [3]. This, however, breaks
down. Keeping this in mind the idea behind Theorem 2 is almost clear.
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Proof of Theorem 2. The proof of this theorem is by contradiction. So let us
assume that there exists a constant C, independent of N, and f € L*-1, 1) such
that

m{x: |Sy(N) >y} < (SIS » >0, xe(-1L1).
By (1) and the first part of Theorem 1 it follows that the above statement implies
(20)  m{x: N|Py(x)| |[H(A()(Py() = Py o)) >y} < ClIflla/y*
So it will be enough to construct a sequence of functions {fy(#)} such that the
constant C appearing in the inequality above grows with N.
We now collect the asymptotic formulae we need from the book of G. Szegé [6].

As indicated above these are sharper forms of (a) and (B). The first one is
obtained from Theorem 8.21.13, p. 195 of [6]. Hence we have

@) P (Cosf) = n-'/Zk(o)[cOs((n + %)o - g’-) + (n Sin 8)"'0(1)

where

k(6) = (7/2)""/*(Sin8)™"* and cn'<O<7—cn},
¢ being a fixed positive number.
In our application though we will restrict our attention to 8 < #/2. We now
develop the estimates for P,(x) — P, ,(x). By equation 7.33.9, p. 170 of [6],

(1 = x*)Py1(x) = (n(n + 1)/2n + 1)(P,(x) = P,,5(x)).
Hence, by equation 4.21.7, p. 63 of [5],
(1 = x?) Py, (x) = (1 = x*)((n +2)/2) P{"V(x).
So we get that
(22) [P.(x) = P,oa(x)| > b(1 = x?)| P{MD(x)|.

As remarked previously we only need the part when 8 < 7 /2. We now employ the
“Hilb’s type” result, Theorem 8.21.12, p. 195 of [6]. Substituting « = 8 = 1 in the
formula we get

(Sin 8) P$"D(Cos 8) = 2(» + -;—)_l(n + 1)( Siz 0)'/21,((,1 + %)o)
+0'720(n"2)

where cn™! < @ < 7/2, c is a fixed positive number. J, is the Bessel function of
order one. We shall now make some observations from (21). Let us choose M large
enough and integral. The choice of M is determined by what follows. M is then
fixed for all choices of n. Consider then 6 such that Mm/n <8 < (M + g)n/n. In
this range of 4, (21) yields

(23)

Ma
COS(M?I + ﬁ‘ - §)‘ -

c

= 1/2IQin 91— 1/2 <
|P,(Cos @) > C-n~"/%Sin 8| M

) n 2N,

If M is taken sufficiently large we get
|P,(Cos 8)| > Cn="/%Sin 8|72,  n>N,, 8 &(Mn/n,(M+3)n/n).
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If one writes x = Cos 6 we get

|P,(x)| > Cn™'/2(1 = X274,

(24)
n>N, x€ (Cos (M +n1/8)ﬂ , Cos (Afr) )
We define
— P
sgn(Py(?) v+2(1) L 0<t< Cos( 2Mm )’
I = (1 - ) N
0, elsewhere.

Note now N > N,. We will now estimate the Hilbert transform expression in (20).

BP0 =~ PraaC, x € (Cos LT, cos( HT)) < 1,

where H is the Hilbert transform

(25) _ fCOS(ZM"/N) |Py(2) — Prsy(0)] al.

0 (1- )Y x - 1)
If now x € I, and 0 < ¢t < Cos(2Mn/N), then ¢t < x and (x — ) < C(1 — ¢); the
last inequality is an easy consequence of the half-angle formulae. Hence (25) is
bigger than

0 (1-2)"0 -
Making the change of variable = Cos 6 in the last integral we get

26) fﬂ/z | Py(Cos 8) — Py ,(Cos 0)| df
2Mn/N (Sin 8)* '

Now from (22) and (23) it follows that (26) is bounded below by
w2 |J((N + 3/2)8)) 9 — qur/z 9V/2N—3/2
2Mn/N (Sin 9)'/? 2Mn/N (Sin 0)'/?
=2 |[J,((N +3/2)8)|
2Mn/N 0'/?

(27)

>C d — cN ~3/2,

One can now use the asymptotics of the Bessel function at infinity since
(N +3/2)0 > cMn, M being large. The asymptotics are found in [6, equation
1.71.7, p. 15].
Ji(x) = - @2/7x)'? Sin(x — 7/4) + O(x™%?), x— +o0.
Substituting these asymptotics into (27) we get
CN—I/:["’/Z Sin((N +3/2)8 — 7/4)| do — cN—a/zf‘”/z a4 ¢N —3/2
2Mn/N 0 2Ma/N 6
=c¢,N "2log N — ¢,N V2 — ¢,N 32
>cN~Y21og N for N > N,
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So finally we have shown that if x € I, and fy(¢) is as defined, then

(28) |H(fy()(Pn (1) = Pyy2(1)))(x)] > CN ~'/2 log N.
We also find that

1 Cos(2Mm/N) dt
H*dt < .
S Mwortar < [ )

Making the change of variable ¢+ = Cos 8§ we get

1 do 1 db
29 a4 @ .
(29) < fZM"/N Sind < cj;Mﬂ/N 7 < c(log N)

From (20) it follows that

m{x: x € Ly, N|Py()| [H(fy(D)(Pu(t) = Pyos(D))(x)] >y}
< (C/yHimlie

Now by (24) it follows that if x € I, then

(30)

|Py(x)| > CN~V/*(1 — Cos*(Mx/N))~"/*
>CN~'28in"" (Mn/N) >C, N >N,

Hence by (28) it then follows that if x € I,
NPy ()| [H(fn()(Py(8) = Py o(1)))(x)] > CN'/%(log N).

Choose y = ¢N'/*(log N). Note m(Iy) > C/N% N > N, We then have from (30),
using estimate (29),

C C -3
— < ———— log N, or ¢, <c)(logN)™°, N >N,
N2 N(log N)* e 0

This is a contradiction. Q.E.D.

It is very likely that most of our results would carry over to the ultraspherical
case. But maybe by perturbing the weight functions one could get weak type results
in that context. The meaning of our result in the context of spherical functions is
also at the moment unclear.

We would also like to point out an answer to a question raised by H. Pollard,
which is to consider the maximal function x € (-1 + ¢, 1 — ¢), supy|Syf(x)| =
S*(x), then to show if || f*||, < C(e)|| fll,» 4/3 <p < 4. The answer to this question
is in the affirmative. It follows by using the Haar equiconvergence theorem [6,
Theorem 9.1.2, p. 244] and weighted norm inequalities for the maximal partial sum
operator for Fourier series due to R. A. Hunt and Wo-Sang Young. The norm
estimate above easily yields the pointwise convergence of Legendre series. This fact
in itself had been established by H. Pollard in [5].

ADDED IN PROOF. Theorem 1 is valid when p = 4/3,
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